We construct some AdS/QCD models by the systematic procedure of GKN. These models reflect three rather different asymptotics the gauge theory beta functions approach at the infrared region, β ∝ −λ 2 , −λ 3 and β ∝ −λ, where λ is the 't Hooft coupling constant. We then calculate the heavy quark potentials in these models by holographic methods and find that they can more consistently fit the lattice data relative to the usual models which do not include the renormalization group improving effects. But only use the lattice QCD heavy quark potentials as constrains, we cannot distinguish which kind of infrared asymptotics is the better one.
I. INTRODUCTION
The Duality between string theories in Anti-deSitter space and conformal field theories on its boundary, i.e., AdS/CFT, are powerful tools for understanding the strong coupling gauge theory phenomena. In its most well known formulations, the duality is between the 4-dimensional N = 4 super Yang-Mills field theory and type IIB super string theory in the AdS 5 ×S 5 background [1] , [2] . In practice, our greatest interest is not N = 4 SYM, which is conformal and non-confining, instead it is the N c = 3, N f = 4 or N f = 6 Quantum Chromodynamics, i.e. QCD, which has running coupling and confining properties.
To obtain predictions about the practical QCD theories through AdS/CFT, or more generally, the holographic principle, people develop two ways, (i) the topdown method and (ii) the bottom-up approach. In the first method, people either construct dual string/gravity descriptions for gauge theories with running couplings, e.g. cascading gauge theories [3] , or build models for gauge theories with fewer super-symmetries relative to the N = 4 SYM [4] [5] . For examples, some models implement fundamental flavors by adding probe branes in various exact or asymptotically AdS 5 × X 5 background [6] [7] , see also [8] for reviews. The top-down method preserves fundamental structures of string theory and its dual gravity description is 10 dimensional.
In the second way, now known as AdS/QCD, people start from some 5 dimensional effective gravity theory and calculate the relevant 4D gauge theory quantities through holographic method. By requiring the results coincide with those from QCD phenomenologies, people obtain the general properties of the dual gravity background, which can be refined for further phenomenological goals. In the earliest implementation of this ideal by Polchinsky and Strassler [9] , an infra-red cut off on the dual AdS 5 background is introduced to implement confinement, hence the name hard wall model. Since * Electronic address: dfzeng@bjut.edu.cn the space-time of gravity descriptions ends below the cut off, appropriate boundary conditions must be imposed on this point by hand, see e.g., reference [10] and [11] . In reference [12] , it is proposed that, by adding quark masses/condensates, this model can become a remarkably good model of chiral symmetry broken dynamics. Reference [13] considered a natural extension of this model by replacing the pure AdS background with a dilaton-deformed one and get very similar results. To improve the Regge behavior of highly excited rho mesons and higher spin mesons in the hard wall model, reference [14] proposed the soft wall model, where the infra-red hard wall is replaced by a dilaton quadratically depending on the holographic radial coordinate. While reference [15] and [16] proposed to include the same effects by a simple factor e cz 2 in front of the dual geometry's metric. Different from this guess and trial approach, in references [17] , [18] and [19] GKN(Gürsoy, Kiritsis, and Nitti) propose a systematic procedure for dual geometry's construction and provide several models as illustrations.
We will introduce GKN's procedure and construct our own models in the next section. To make our dual geometries as simple as possible, so that more QCD quantities can be calculated conveniently and analytically, we do not require our models' β function to exactly coincide with the perturbative QCD theory to higher loops, like those provided in GKN's original work. The next next section discusses the calculation of heavy quark potentials in the resulting models. Numerical fittings as well as discussions about the quantum corrections are also provided in that section. The last section contains our main conclusions and prospects for future studies.
II. THE MODELS
By GKN's arguments, the non-critical string background dual to QCD like gauge theories can be described by the following Einstein frame action
where we have neglected the effects of an axion field, which is of O(N −2 c ) relative to the terms written out explicitly; the potential V (Φ) encodes various contributions such as the higher α ′ corrections and the integration of RR 4-form field whose flux seeds the D3 branes and U (N c ) gauge group. Its functional form cannot be derived out explicitly from the first principle, but can be determined through inputs of QCD phenomenologies, e.g., the β function describing the running of coupling constant.
Setting the dual gravity geometry as
and introducing phase space variable X = Φ ′ 3A ′ , GKN find that the dilaton field's equation of motion and Einstein equations following from the action (1) can be written as first order forms, 
GKN set up an explicit relation between the gauge theory β function and the gravity theory quantities Φ and A,
To implement asymptotical freedom in the dual gauge theory, it is required that A(u) → u, Φ → −∞ as u → ∞, i.e., the dual space-time is asymptotically antideSitter. Obviously, in this construction of AdS/QCD models, the non-perturbative β function determines the whole structure of the dual gravity theories. In turn, as long as we know the latter, we can use it to calculate more QCD phenomenological quantities through the holographic method.
In this paper, we will consider 3 models, each with exact (non-perturbative effects included) β function
Model 3 :
respectively. At the perturbative limit, model 1 reproduces QCD's beta function to 1 loop order; model 2 reproduces the desired β function to 2 loop order; model 3 only reproduces the desired(perturbative) β funtion to 1 loop order. Nevertheless, there are evidences that nonperturbative effects indeed produce β functions of the model 3 type, see e.g. [20] , [21] and [22] . The author of reference [22] tells us that, this kind of beta function reproduces exactly all of the known results and also the two loops. At the strong coupling limit, model 1's β function approaches infinite as −λ 2 , model 2 as −λ 3 , while model 3, −λ. By GKN's general confinement criteria, model 3 is critical confining, while model 1 and model 2 are super-confining.
For model 1, according to GKN's procedure,
so the dual gravity background can be written out explicitly
Φ(λ) = log λ , e A = e 
where we use λ as the radial holographic coordinate. Using eq(3c), we know that the potential of this model's dilaton field is,
From this potential, we easily see that the dual gravity background is asymptotically AdS in the ultraviolet limit but not so in the infrared region. From equation (11), we know that
By definition and iteration formulas of the incomplete Gamma function, this leads to
Note that xΓ[0, x] x→0 → 0, relative to the first term, the second term on the r.h.s of (16) can be neglected. So in the ultraviolet region,
Using domain wall coordinates (2b), the gravity background can be easily looked out being asymptotically AdS. While in the infra-red region λ → ∞, the scale factor of the domain wall coordinate e A = e 1 bλ → 1 this forms a natural softwall for the dual gravity background.
For model 2, by the same procedure as previous we know the dual gravity background and the corresponding dilaton potential are
Φ(λ) = log λ , e A = e
and
2 ) (19) respectively. Obviously, in the ultraviolet region λ → 0, this model has the same asymptotical background -AdS space-time -as model 1. While in the infra-red region,
So in this model, the rate of u → 0 as λ → ∞ is different from that in model 1, but the qualitative conclusions that, (i) u → 0 as λ → ∞, (ii) the dual gravity background is not asymptotically AdS in the infra-red limit, (iii) the dual gravity space-time's scale factor e A λ→∞ → 1 are common between the two models.
For model 3,
In the ultraviolet region, λ → 0,
A → e u L . So, like the previous two models, this model also has asymptotically AdS geometry. But in the infra-red region, this model's dual space-time scale factor e A → (b 0 λ)
b 0 shrinks to zero as λ → ∞, the corresponding domain wall coordinate u approaches zero as λ → ∞ by the following law
In summary, all three models have the same ultraviolet asymptotic geometries -AdS space-time plus running dilaton field. In the infrared region, the first two model's dual space-time scale factor approaches to 1 as λ → ∞, but third model's scale factor shrinks to zero size as λ → ∞. The domain wall coordinate u of model 1 approaches zero at the rate u ∼ 2e 
III. HEAVY QUARK POTENTIALS
The heavy quark potential is an important quantity related with confinement. It is measured with high precision in lattice simulations, see reference [23] and [24] . The results are usually fit into rational polynomials
where ρ is the distance between the quark and anti-quark while κ, κ ′ and a 2 are parameters to be determined by fittings, C is an irrelevant normalizing constant. In gauge theories, this potential is related to the expectation value of rectangular Wilson loops of width ρ and length T
here T can be understood as the time the quark and antiquark are bounded together. By the gauge/string duality conjectures, W equates to the partition function of an open string which is living on the AdS background and whose world sheet boundary coincides with the Wilson loop (27) where S is the Nambu-Goto action of the string. Let x µ (σ, τ ) denote the classical string profile and ξ µ the quantum fluctuation around it. Obviously, the path integral will be dominated by the classical string configuration since it minimizes S, this means
So in the classical approximation, the heavy quark potentials read
While to first order quantum corrections
In the following, we will calculate the heavy quark potentials quantitatively in the classical approximations and study the quantum corrections qualitatively. We do not get quantitative results on the latter. But even in the classical approximation level, the models provided in this paper predict heavy quark potentials more consistently fitting with the lattice QCD results than almost all the models considered in [28] .
A. Classical Approximations
In the classical approximations, to have the given Wilson loop as the world sheet boundary, the string must have its two ends fixed on the boundary and the center part dips into the bulks of the background AdS spacetime
For this configuration, the classical Nambu-Goto action can be written as S c = E c · dτ , with 
in the above derivation, we have used the fact that at the center point of the string σ = 0, λ ,σ = 0. Using eqs (33) and (34) , both the distance ρ between the two ends of the string and its energy E c can be expressed as functions of λ 0 .
E c = ℓλ
whereÃ ≡ A − A 0 whileλ = λ λ0 . Since the string is infinitely long, the total energy in (36) is divergent. In the Gauge theory side, this means that quark-antiquark pairs are infinitely heavy. To obtain the finite interaction energy, we will subtract from E c the infinite rest mass part, which corresponds to that of two straight strings, see reference [25] and [26] . Taking model 1 as an example, this means E c,qq = ℓλ 
. Through qualitative analysis of, we know that ρ is a monotonically increasing function of c.
Under the long separation limit which corresponds to c → 
While at the short separation limit c → 0.
E c,qq c→0 ≈ 2ℓc 
Since the series expression for ρ(c) in eq(39) is incomplete, its inverse (42) is not well-defined as ρ > 1.19ℓ. We assume that c(ρ) ρ>0.8/Gev ≡ c(0.8/Gev). Combining eqs (38) and (41) together, the classically approximated heavy quark potential of model 1 can be written as follows (35) and (37) .
[log
3 . This is determined by asymptotical behavior 1 of the beta function β ∝ −λ 2 and is a common prediction of all the renormalization group revised models constructed by GKN's general procedure [18] , [19] . Just as we will show in the following, this feature makes these models predict ρ − Erelations more consistently fitting with the lattice data than those which do not include the renormalization effects. Figure 2 compares the the heavy quark potentials following from our AdS/QCD models and those of lattice results. The relevant parameters are listed in table I and are fixed by fits, which is required to minimize the following χ 2 variable
B. Comparing with lattice results
where the sum is over all the used data points and σ i is the absolute error of the ith point. From the figure we see that almost all the three models fit with the lattice data equally well. This means that in the AdS/QCD framework, only by fitting with lattice data on heavy quark potentials, we cannot distinct the infrared behavior of the gauge theory β function. The discrete data points comes from the lattice results of quenched QCD, reference [31] . Since the three models almost fit the lattice data equally well, the three lines coincide. Fig.1 of reference [28] as a comparison, we easily see that our models can be more consistently fitted with the lattice data than almost all the previous models which do not include the renormalization group improvements. To make this point more clearly, we display the figure 3 . Our ρ cut has the same meaning as that of reference [28] , which is the length scale below which the lattice data is not used to make fits. This is a manufacturing selection. Our models can give very low χ 2 /N d.o.f even when the ρ cut is set as low as 1Gev −1 , while most of the AdS/QCD models which do not include the renormalization group effects can only do so when ρ cut is set as 4 − 5Gev −1 . In a another word, to make a good fit, the usual models must cut more than one half of the lattice data points while our models almost need no cut at all. This is a really exciting result and it can be attributed to the fact that our models predict heavy quark potentials which at the short separation limit behaves like E qq,ρ→0 → −[ln most all the AdS/QCD models which do not include the renormalization group effects predict E qq,ρ→0 → 1/ρ and the quantum corrections do not change it remarkably [26] , a natural question arises, will the quantum corrections in our models change the short separation limit of our potentials remarkably? We change in the following to the quantum corrections of the heavy quark potentials.
Taking our FIG. 2 and the
χ 2 /N d.o.f − ρ cut in
C. Quadratic quantum corrections
Including quantum corrections, to first first order approximation, the heavy quark potentials can be read out from eqs (28) and (30) ,
To get quantitative results, we need to run 3 steps [26] . (i) choose an appropriate gauge and define the fluctuations properly, (ii) work out the corresponding action
] describing the fluctuations and read out from it the relevant second order differential operators O a , (iii) calculate eigenvalues of these operators and use some regularization procedures to calculate the functional determinants of them and finally extract the resulting corrections to the potential. We will consider the fluctuations in the fixed λ -fix it on the classical profile -gauge. In this gauge the fluctuating quantities are ξ and η, whose boundary properties and relations to the complete embedding functions X
where λ(σ) describes the classical string profile which satisfies eq (34) . Substituting these embeddings into eq (28) and extract terms quadratic in quantities ξ and η, we have
where the over-dots denote derivatives with respect to τ and primes denote derivatives with respect to σ, After integrating by parts and simplifying by the classical e.o.m (33), S (2) can be written in the form ξ
wherex is the normalized x =x · ρ, this means that as x varies in the range 0 < x < ρ,x varies in the range 0 <x < 1. Note that η is a two component vector andη 2 actually meansη (2)η(2) +η (3)η(3) , and similarly
Reference [26] proved that, for any operator of the form (53) i.e. ρ dependence of the log det of such operators is completely contained in the coefficient B A . For almost all the models considered by [26] , say the typical AdS 5 /CF T 4 case, this leads to that the quadratic quantum correction to the heavy quark potentials are proportional to ρ −1 . However, in the current case, if we write the operators of eqs(50) and (51) into the form of eq(52), then the quantity F t (v) ≡λ 4Ã appearing in them will depend on the interquark distance implicitly, see figure 4 for details. [27] , figure b) is the dominant contributor to the Wilson-Polyakov loop correlators at the short separation limit; figure c) is the dominator at the long separation limit; figure a) displays quantum corrections due to the graviton-dilaton exchange process. This is both a good and a bad news for us. The good news is, it means that we can almost definitely conclude that the quantum corrections to the heavy quark potentials is not of the 1/ρ type. The bad news is, it means we cannot derive out explicit functional forms for the ρ-dependence of the quadratic quantum corrections through this simple method. To get quantitative results, we need to find out the eigenvalue spectrum of O ξ and O η and their functional determinant by numerics. Since they cannot be find out analytically, the regularization of the resulting functional determinant becomes a big problem. At this point, we have no good method to overcome this obstacle numerically.
Reference [27] studied the Wilson-Polyakov loop correlators in the finite temperature N = 4 SYM plasmas, from which the relevant heavy quark potentials can be extracted conveniently. They pointed out that although at the short separation limit, the heavy quark potentials is dominated by smooth the string configuration which minimizes the classical Nambu-Goto action, part(c) of FIG5, at the long separation limit, the potentials is dominated by string profiles which involves the exchange of the lightest graviton-dilaton modes, see the part(c) of FIG.5. According to this results, our above considerations of the quantum fluctuations(around the classical string profile) correction is not the only contribution to the interquarkpotentials. We should also consider diagrams of the form like the part(a) of FIG.5. But this kind of string profile contributing to the heavy quark potentials always carries a factor of λ 2 relative to the classical profile does, and to make the area of the string world sheet as small as possible, the string cannot not fall very deep into the bulk of the space-time, i.e. they are mainly around the λ → 0 region. So there is no need to worry that this kind of correction will change the short separation limit of our potentials.
IV. CONCLUSIONS
From the previous section, we know that the heavy quark potentials following from all our three models asymptote to the same form E∝ −1/(ρ log
at the short separation limit. This is determined by the UV property of the gauge theory beta function β ∝ −λ 2 and is a common feature for all the renormalization group improved AdS/QCD models constructed by GKN's procedure. Although this is different from the usual Cornell potential, through numerical fittings and comparison with reference [28] , we know that our models can more consistently fit the lattice data, relative to almost all the previous AdS/QCD models which do not include the renormalization group effects, for example, those of [14] , [15] and [29] . Numerical results also tells us that, though we can construct AdS/QCD models with very different infrared β function, for example β → −λ 2 , −λ, −λ 3 , only by comparison with the lattice QCD heavy quark potentials, we cannot distinguish which one is the better. Since at long separation limit we neglected the graviton-dilaton exchange contributions to the heavy quark potentials, we should be more careful on this conclusion. Just as reference [19] showed and our numerics indicated, neglecting the graviton-dilaton exchange contributions does not affect the qualitative conclusion that the potentials following from our AdS/QCD models are linearly confined. (Reference [27] pointed out that there is many uncertainties on the quantitative calculation of the gravitondilaton exchange contributions at the long separation limit) Nevertheless, further studies on this point and comparison with both the lattice data and the heavy quark effective field theories [32] will be interesting topics.
The above content consists the main conclusions of this paper. On the model building part, we have no unexpected conclusions. A little summary can be given as follows. Three AdS/QCD models are built by the systematic procedure of GKN. At the perturbative limit, the first model has gauge theory β function coincide with the usual QCD to 1 loop order; model 2's β function coincides with the desiring to 2 loops; while model 3, only reproduces the desiring to 1 loop order. Nevertheless, due to non-perturbative effects, the β function of model 3 may be the one most closely related to the real QCD theory. At the strong coupling limit, model 1's β function approaches infinite as −λ 2 , model 2 as −λ 3 , while model 3, −λ. By GKN's general confinement criteria, model 1 and model 2 are super-confining, while model 3 is critically confining. In the ultraviolet limit, the three models' dual gravity description have the same asymptotical background -AdS space-time plus running dilaton field. In the infrared region, model 1 and 2's dual spacetime scale factor approaches to 1 as λ → ∞, but model 3's scale factor shrinks to zero size as λ → ∞.
For future directions, we think looking for finite tem-perature solutions to these models and the relevant phenomenological applications of them may be interesting subjects, see e.g. references [33] 
